NON-ZERO CONTACT AND SASAKIAN REDUCTION 



OANA DRAGULETE AND LIVIU ORNEA 

Abstract. We complete the reduction of Sasakian manifolds with the 
non-zero case by showing that Willett's contact reduction is compatible 
with the Sasakian structure. We then prove the compatibility of the 
non-zero Sasakian (in particular, contact) reduction with the reduction 
of the Kahler (in particular, symplectic) cone. We provide examples 
obtained by toric actions on Sasakian spheres and make some comments 
concerning the curvature of the quotients. 



1. Introduction 

1.1. Sasakian manifolds. We start by briefly recalling the notion of a 
Sasakian manifold, sending to IT and '7" for more details and examples. 

Definition 1.1. A Sasakian manifold is a (2n-|- l)-dimensional Riemannian 
manifold (M, g) endowed with a unitary Killing vector field ^ such that the 
curvature tensor of g satisfies the equation: 

(1.1) R{X,OY = viY)X -g{X,Y)C 
where r/ is the metric dual 1-form of ^: r]{X) = g{S^,X). 

It can be seen that rj is a contact form (with Reeb field ^). Using the 
Killing property of ^ and equation (jLlj) . one defines an almost complex 
structure on the contact distribution Ker r], by (the restriction of) 93 = V^, 
where V is the Levi-Civita connection of g. 

The following formulae are then easily deduced: 

(1.2) ^^ = 0, g{^Y,^Z)=giY,Z)-7]{YUZ). 

The simplest compact example is the round sphere 5*^""^ C C", with the 
metric induced by the fiat one of C". The characteristic Killing vector field is 

= —i p 1 i being the imaginary unit. More general Sasakian structures on 
the sphere can be obtained by deforming this standard structure as follows. 
Let 77^1 = ^ J — i^r/o, for < ai < a2 • • • < an- Its Reeb field is Ra = 

2_, aj I Zj I 
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aj{xjdyj — yjdxj). Clearly, rjQ and rjA underly the same contact structure. 
Define the metric gA by the conditions: 

• gA{X,Y) = ^driA{IX,Y) on the contact distribution (here / is the 
standard complex structure of C"); 

• Ra is normal to the contact distribution and has unit length. 

It can be seen that S"^"^ := (S*^""^, a'a) is a Sasakian manifold (cf. JJ). It 
has recently been shown in Jlj that each compact Sasakian manifold admits 
a CR-immersion in a S'^~^. 

Sasakian manifolds, especially the Sasakian-Einstein ones, seem to be 
more and more important in physical theories (connected with the Malda- 
cena conjecture). Many new examples appeared lately, especially in the 
work of Ch.P. Boyer, K. Galicki and their collaborators. 

This growing importance of Sasakian structures was the first motivation 
for extending in ^0] the contact (zero) reduction to this metric setting, by 
showing that the contact reduction is compatible with the Sasakian data. 

A good procedure for contact reduction away from zero was not available 
when the paper jlUj was written. We here complete the missing picture by 
showing that Willett's recently defined non-zero reduction introduced in ^B] 
is compatible with the Sasakian data. 

Acknowledgements. The authors thank P. Gauduchon, E. Lerman and 
T.S. Ratiu for their interest in this work and for very useful suggestions and 
criticism. 

1.2. Contact reduction. 

1.2.1. Contact reduction at following (2j, [0]. Let (M2"-\r?) be an exact 
contact manifold: this means that is a contact form (r/ A (dr])"' ^ 0), hence 
its kernel is a contact structure on M. 

Let R be the Reeb vector field, characterized by the conditions ri{R) = 1 
and dr]{R, •) = 0. The flow of the (nowhere vanishing) Reeb vector field 
preserves the contact form rj. 

Let $ : G X M — > M be an action by strong contactomorphisms of a (finite 
dimensional) Lie group on M: for any f ^ G, /*r/ = rj^. Such a G-action by 
strong contactomorphisms on (M, rj) always admits an equivariant momen- 
tum map J : M ^ Q* given by evaluating the contact form on fundamental 
fields: (J,^) = r]{CM f. Note the main difference towards the symplectic 
case: an action by contactomorphisms is automatically Hamiltonian. 

It can be seen that G g* is a regular value for J if and only if the fun- 
damental fields induced by the action do not vanish on the zero level set of 
J. In this case, the pull back of the contact form to J~^(0) is basic. Let 

^If the action is proper or G is compact, this is not more restrictive than asking G to 
preserve only the contact structure; in the first case, one uses a Palais type argument, in 
the second case an invariant contact form can be found by averaging. 

Here and in the sequel, for a X G g, Xm denotes the fundamental field it induces on 

M. 
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ttq : J^^(O) —>■ J^^{0)/G and lq : J~^(0) ^ M be the canonical projection 
(we shall always suppose that the considered actions are free and proper, 
although these hypothesis can be relaxed to deal with the category of orb- 
ifolds) and inclusion respectively. Albert's reduction theorem assures the 
existence of a unique contact form 7]q on J~^{0)/G such that ttqT/o = ig'?- 
can be seen that the contact structure of the quotient depends only on the 
contact structure on M. 

The Sasakian version of this result states (cf. [IDj ) that if M is Sasakian 
and G acts by isometric strong contactomorphisms, then the metric also 
projects to the contact quotient and the whole structure is Sasakian. 

1.2.2. Contact reduction away from zero following For /i 7^ 0, the re- 
striction of the Reeb field is no more basic on J~^{fi) with respect to the 
action of G^, hence the above scheme does not apply. This situation was 
corrected by Albert, but in an unsatisfactory way, see JHl for examples. 
Willett's method, that we now describe, is more appropriate and was al- 
ready used in to extend the cotangent reduction theorems in the contact 
context. In the above setting, for a /i G g*, Willett calls the kernel group of 
/i, the connected Lie subgroup K^^ of G^ with Lie algebra = ker (/x|g^). 
One can see that 6^ is an ideal in g^, hence Kf^ is a connected normal sub- 
group of G^j. The contact quotient of M by G at is defined by Willett 
as 

:= .r\R+i_^)/K,,. 

If Kf^ acts freely and properly on J~^(M+;u), then J is transversal to 
and the pull back of r] to J~^(IR+^) is basic relative to the JT^-action on 
J^^(M+/.i), thus inducing a 1-form r]^ on the quotient M^. If, in addition, 
ker fJ- + Qf_i = Q then the form r/^j is also a contact form. It is characterized, 
as usual, by the identity vr*r/^ = i*T/, where vr^ : J~^{R+fi) is the 

canonical projection and i^ : J~^(IR+)u) is the canonical inclusion. 

Remark 1.1. For = 0, Albert's and Willett's quotients coincide. 

In the next section we prove the compatibility of this procedure with the 
metric context. 

2. Main results 
2.1. The reduction theorem. 

Theorem 2.1. Let {M, g,^,r]) bea{2n—l) dimensional Sasakian manifold, 
let G be a Lie group of dimension d acting on M by strong contactomor- 
phisms. Let J : M ^ Q* be the momentum map associated to the action of 
G and let fi be an element of the dual q* . We assume that: 

1. Ker fJ. + ei, = Q- 

2. The action of on J^'^i^j^p.) is proper and by isometrics. 

3. J is transverse to 
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Then the contact quotient 

= J-\R+fi)/K^ 

is a Sasakian manifold with respect to the projected metric and Reeh field. 

Proof. We already know that the reduced space is a contact manifold 
(see ^ni)- What is left to be proved is that the metric g and the Reeb field 
^ project on M^, the latter in a Killing field such that the curvature tensor 
of the projected metric satisfies formula 

Prom the transversality condition satisfied by the momentum map one 
knows that J~^(M+//) is an isometric Riemannian submanifold of M (which 
induced metric we also denote by g). As the flow of the Reeb field leaves 
invariant the level sets of the momentum J, one derives that the restriction 
of ^ is still a unit Killing field on J~^(M_(_//). 

In order to establish the metric properties of the canonical projection 
TT^ : J^^^iW^ji) — > M^, we have to understand the extrinsic geometry of the 
submanifold J^^(]R4_/i) C M . The first step is to find a basis in the normal 
bundle of J^^(M+/i). To this end we look at the direct sum g = 0^ © m 
where /i \m= (such a decomposition exists, because Ker + 0/^ = g)- Let 
rriAf = {Xm\X G m} and recall that (see Theorem 1]): 

(2.1) (T,J-i(M+/x)nKer r]^)®Mx®mM{x) = (r^.$-^(0)nKer 7]^)®Mx, 

for any x G J^"'^(]R+/z), where $ is the momentum map associated to the 
action of K^^ on M. 

Let now {Xi, . . . , Xk} and {Yi, . . . , Ym} be two bases in and, respec- 
tively, m. Without loss of generality, one may suppose that the funda- 
mental fields {l^A/}j=i,m form an orthogonal basis of mjv/i g-orthogonal on 
TJ^'^i^j^fi) n Ker rj and that {^jAf}i=i,fc are mutually orthogonal. 

With these hypotheses, one derives that {ipXiM-, v^I^m } are linearly inde- 
pendent in each x £ M and 

g{ipYjM,W) = g{^XM,W) = dr](W,X^M) = -{dJ{W),X,) = {rfi,Xi) = 

for any vector field W tangent to J^^(M-|-^). Therefore, for any i,j, the 
fields {ipX^^,f, ifY jj^.j} belong to the normal bundle of J~^(M+/u). A simple 
counting of the dimensions in the relation (|2.1j) . together with the fact that 
{ifX^Pj} is a basis in the normal bundle of T$~^(0) (see the proof of [TIH 
Theorem 3.1]), imply that {ipX^j^i,ipYj^j} is indeed a basis of the normal 
bundle of J-^{R+fif. 

Let V, V*^ be the Levi-Civita covariant derivatives of J^^{M.^ii) and M 
respectively and let Ai, Aj be the Weingarten operators associated to the 
unitary normal sections ipX^^.j /\\XiM\\, ^ < i < k, ifYjM /WYjmW, 1 < J < "T- 
By applying the Weingarten formula and the relation 1)1. 1() . one obtains, for 



'{(fX^j^, Yjm} is also a basis for T^J ^(R-|_^) Our choice is only technically motivated. 
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any X,Y, Z tangent to J^^{W-^-^): 

g{AiY,Z) = \\XiMr\9{XiM,Y)rj{Z)-g{ipVPXiM,Z)}, 

g{AjY,Z) = \\Y,M\r^{g{Y,M,YMZ) - g{^V^'YjM,Z)}. 

As acts by strong contact isometrics, the metric g projects on a metric 
gM^ on with respect to which the canonical projection vr^ becomes a 
Riemannian submersion. We now show that the vertical distribution V is 
locally generated by the vector fields {XiM}- We have indeed: 

T^TT^{XiMix)) = T^TT^ (c(0)) = (vr^ o c)(0) 

where c{t) = ^{ex.ptXiM,x). 

But (vr^ o c){t) = TTfj,{x) for any t and then 

Tj;TTfj_{XiM{x)) = for any x G J"^(M+/i). 

This proves that {XiM}i<i<k C Vx and, as dimV^ = k, it implies that 
{XiM} generate V. 

The formulae CxiM^ = for i = 1, . . . , A; prove that ^ is a projectable 
vector field and its projection is a unit Killing field on the reduced space 

Let X, Y, Z be vector fields orthogonal to C- Using O'Neill's formulae (see 
(9.28f)]) we derive: 

g^'^{R^'>^{X, OY, Z) = g{R[X\OY\ Z"^) + 2g[A{X\0, A{Y\ Z"^) 

- gm, Y%A{X\ Z^)) + g{A{X\Y^), Ait Z^)\ 

where X^ denotes the horizontal lift of the vector field X, A is O'Neill's (1,2) 
tensor field given by the relation: A{Z^,X^) = vertical part ofV^i^X^ and 
R the curvature tensor of the connection V on J~^(M+/i). On the other 
hand: 

giVzH^XiM) = g{ipZ\XiM) = dr]{Xai,Z'') = {dJ{Z''), XiM) 
= r{ii,XiM) = 0, 

and hence: 

R^^{XX)Y = R{X'^,i)Y^. 
This completes the proof. 

□ 

Remark 2.1. Under the hypothesis of the above theorem, the dimension 
of the reduced space is 2n — d — m — k + \. 

2.2. Compatibility with the Kahler reduction. We now analyze the 
compatibility of the non-zero Sasakian reduction with Kahler reduction us- 
ing the cone construction. In particular, we obtain a relation between non- 
zero contact reduction and symplectic reduction. 

Let C{M) = M X M_|_ be the cone over M endowed with the Kahler metric 
r^g + dr'^. The action of G on M lifts to an action on C{M) by holomorphic 
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isometries which commute with the translations along the generators (see 
|10j e.g.). Similarly, the action of lifts to the cone, the lifted action being 
the restriction of the above. 

Let Js : C{M) — > q* , resp. '■ C{M) be the symplectic momentum 

map associated to the G-action, resp. X^-action on the cone. The differ- 
entials of these two momentum maps are related by the transpose of the 
natural inclusion i : ^ Q, namely T^g = /,* o TJg. 

We now embed M in the cone as M x {1} and observe that the contact 
momentum maps are the restrictions of the symplectic ones: J = Js|a/x{i}! 
resp. $ = ^s\mx{i}- Clearly J and ^ are the contact momentum maps 
associated to the G, resp. A'^-action on M x {!}. Moreover, we have 

(2.2) $ = o J. 

On the other hand, we recall (see ITU1) that the reduced space at of the 
Kahler cone is the Kahler cone of the Sasakian reduced space at 0: 

We are now prepared to prove: 

Theorem 2.2. Let {M,g,£^,rj) be a Sasakian manifold, let G be a Lie group 
acting on M by strong contactomorphisms and an element of g* . Suppose 
that: 

• is a regular value for Js. 

• Ker /U + 0^ = 0. 

• acts properly and by isometries on <I>^^(0). 

• J is transverse to M-(-/x and to M_/x. 

Then the cone over the Sasakian quotient of M at with respect to the 
action is the disjoint union of the Kahler cones over the Sasakian quotients 
and M_./x and the cone over the co-isotropic submanifold J~^{0)/Kfj_: 

(C(M))o = C{<^-\0)/K^) = C{M^) U C{J-\Q)/K^) U C(M_/x). 

Proof. Since t* is surjective, from (|2.2() and from being a regular value for 
Js (and hence also for J) it follows that is a regular value for ^s and hence 
for 

As $-1(0) = J-^{R^i) (cf. [H proof of Theorem 2]) and acts on 
J~i(0) and on J^i(]R_|-/i), we have the partition 

^-\Q)/K^ = J-\R+fi)/K^ U J-\0)/K^ U J-i(M_/x)/K^. 

We note that (M, g, — ^) is also a Sasakian manifold on which G acts by 
Sasakian automorphisms and the associated momentum map is — J. Then, 
if the quotient := J~^{W-^) / exists (or, equivalently, the quotient 

of (M, g, ^) at — /x), it will be a Sasakian manifold according to our previous 
theorem. But note that two of the hypothesis of the theorem are not auto- 
matically satisfied in both cases: if Kf^ acts properly on J~i(R_|_/i) it does 
not necessarily act properly on J~i(R_/i) and similarly for the transversality 
condition. 
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Now J^^{0)/K^ is a manifold on which the one-form rj is projected. How- 
ever, it is no more a contact form, nor, in general, a symplectic one. Indeed, 
using Albert j2| Propositions 1,2], J^^{0)/Kfj_ is contact or symplectic if and 
only if 

T^iKf, ■ x) = Ker (Tt/^|t, j-i(o)nKer vJ- 
But, in general, one has Ker (Tr/x'lT^ j-i(o)nKcr rj^) = Tx{G-x). However, this 
implies that J~^(0)/-fC^ is a co-isotropic submanifold with respect to the 
contact form of $~^(0)/i^'^. □ 

Remark 2.2. Forgetting the metric and mutatis mutandis, the result of 
Theorem 12.21 remains valid for contact manifolds. 

3. Examples: actions of tori on spheres. 

In Willett's reduction scheme, the smallest dimension of G which produces 
non-trivial examples is 2. We here present some complete computations 
for various actions of G = on M = S''' with the standard Sasakian 
structure given by the contact form r] = YH^j'^Uj ~ Ujdxj). When possible, 
we briefly discuss also the reduction at zero with the same group and the 
cone construction (the notations for the momentum maps will be the ones 
used in the previous section). Generalizations to 5^"~^ are also indicated. 

Note that our examples show the dependence of the dimension of the 
quotient on the choice of fi. 

Example 3.1. Let first act on 5^ by 

Since G is commutative, = g = M^. 

For any (ri,r2) G the associated infinitesimal generator is given by 

(^,^2)57(2) = ri{-yodxo + xodyo) + ri{-yidj:^ + xidy^) 

+ ^2 (-2/29x2 + X2dy^) + r2{-yzdxz + x^dy^) 

and the momentum map J : 5'^ ^ (M^)* reads J{z) = ((|zoP + |^2p + 
|-3P),-). 

Let /X : M2 ^ M, /i = {v, •), i; G \ {0} fixed. Then: 



J-i(M+/z) 



SH^/^,), if t;i> 0,^2 = 



For V = (1,0) J-'^{R+fi) = S^, Ker = 6^ = {0} x M, Kf, = {e} x S^. 
The action of K^^ on J~^(IR+/i) is trivial and hence = S^. In this 
case is not a regular value of <I>-the momentum map associated to the 
action but, nevertheless, $~^(0) is a submanifold of S'^ and hence the 
reduced space at zero, ^~^{0)/K^ is a Sasaki manifold. As $~^(0) = 5'^ 
and C(5") = M"+i \ {0}, we obtain that (C(5^))o = \ {0}. Note that 
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for this choice of /i reducing and taking the cone are commuting operations 
exactly as in the zero case. 

For V = (1,1) we obtain: J-^{R+ii) = S^i^)>^S^i^), = {{-x,x)\x € 
M}, = {(e-**,e**)|e** G 5"^. The action of on J-i(M+^) is given by 

((e-**,e**),z) ^ (e-**zo,e-**zi,e**Z2,e^*^3), 

thus M^ = S'^ xS^. 

We can generahze this example for M = 5^"+^ by considering the action 

((e**°,e^*^),z) = (e^*Ozo,e**»zi,e^*iz2,...,e**^z„). 

Now the momentum map is J{z) = (d^oP + kiP, X] kfcP); ')• For A* as 
above, we have: 



S=^(Y^), ifr;i>0,r;2 = 

5^-^(7^), if.l = 0,.2>0 



For the same particular choices of fi as above, we obtain as reduced spaces 
respectively S^, S'^"-^ or x CP"-^^ 

Example 3.2. Let now the action be given by 

((e**o,e**i),z) ^ (e-**Ozo, 6**0^1, e**iz2, 6^*1^3)- 
The infinitesimal generator of the action will be 

{ri,r2)sTiz) =n{yodxo - x^dy^) + ri{-yid^^ + xidy^) 

+ r2{-y2dx2 + X2dy2) + r2(-y35x3 + x^dy^). 

The momentum map is J{z) = {{\zi\^ — \zq\'^ , \z2^ + ksP), •) and 
(3.1) 

J"^(M+/u) = \z(^S^ I 3s > such that 



I Zip — l^op — sv\ = 0, 

+ |^3p - SV2 = 0. 



For V = (1,0) we obtain 

J-1(IR+m) = {z G 5^|z2 = ^3 = 0, |zi| > |zo|} = 53 \ {|zi| < |zo|}. 

The action of = {e} x on J-i(M+^) is trivial, thus = 5^ \ {|zi| < 
|zo|}, an open submanifold of S'^ . For v = (1, 1), solving for s the equations 
in p. 1(1 gives s G (0, Hence: 

J-'(K+f.) =! (s'l^) S'(7f)) \ 6 I |2„|2 = U 

.5'(-L)x,s=,-L)\5'(^)) 

an open submanifold of the product of spheres. 
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The action of on J^^(M_|-^) is given by 

{{e-'\e''),z) ^ ie''zo,e-''zue''z2,e''z3). 

Let A denote the set {z £ S'^ {\f2) \ < jzap + p< l}. Obviously, the 
above action of can be understood on the whole and, as such, restricts 
to an action on A. Then is diffeomorphic with {S^ x S^) n A/Kf,. To 
identify the quotient, let g : [S^ x S^) r\ A ^ [S^ x 5^) n ^ be given by 

{zQ,Zl,Z2,Zz) ^ (Zo, ^2,2:3 )• 

g induces a map from ( (5^ x S^) n A) (with respect to the diagonal 
action of S^) to {{S^ x S^) n A) /K^. The map 

(ZO, Z3) (21 Zo, 21^2, Z123) 

is a diffeomorphism of (S^ x S^) H j4 equivariant with respect to the di- 
agonal action of and the action of S*^ on the first factor. Hence is 
diffeomorphic to S^{^)\w{z G 5^ | koP = ^} - -^^(73) \ ^^(75)' ^^lere 
pr : ^ C^, pr(zo, . . . , Z3) = (zq, 2:2, ^s)- 

If we change the action on zq with e~*^*zo, the reduced space will be the 
above one quotiented by (see also 10, Example 4.2]). 

Example 3.3. Let us take this time: 

((e^*o,e^*i),z) ^ (e^*Ozo,e'*i2i, 6^*1^2,6^*1^3), 
whose infinitesimal generator is 

3 

{ri,r2)sT{z) = ri{-yodxo + xodyo) + ^2 "^{-yjdxj + Xj5yj). 

i=i 

The momentum map is: 

j{z) = ((|zoP,kiP + k2p + k3|'),-). 

For J^^(M_|_//) we obtain the following possibilities: 

(3.2) j-\R^^) = }sH,/^), ifi;i = 0,^;2>0 

[s^y^), if^;2 = 0,«i>0 

In particular, for v = (1,0), = S'\ for v = (0,1), = and for 
f = (1, 1) one obtains the same quotient as in the preceding example. 

Example 3.4. Considering the weighted action of on S'^ given this time 
by 

((6**«,6^*i),z)^(e**»"Ozo,6^*i"iZi,Z2,23), 

one obtains the momentum map 

J(z) = ((Ao|zo|2,Ai|zi|2),.). 
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For V = (0, 1) and Ai strictly positive, the reduced space is \ S*^ if Aq / 
and \ if Ao = 0. 

The cone construction is verified in this case. Indeed, J~^(0) = and 

{C{S^))o ~ C{S^) = C{S^) U C{S^ \ S^). 

liv = (1, 1) and Aq, Ai > 0, 

(3.3) J-\R+i^) = \ z e S'^ \ \zi\ = J ^\zol zo o\ = 5^ n (C* x A) 



A 



where A is the ehipsoid of equation 



I 12/1 I I I |2 I I i2 1 

\zi\ (1 + — ) + \Z2\ + \Z3\ = 1. 

Aq 

The action of on J^^(R+;u) is given by 

and the reduced space 

M^= [j S\p-^'^a^')x{iz2,Z3)} 

(22,23)epr(J-l(R+M)) 



where pr : ^ C^, pr(zo, ■ ■ ■ , ^3) = (^2,^3), P = V ^"^'Io+IT'''''^ ^^^^ 



Al(l-|^2p-k3p) 

Ao+Ai 



If [z] = [z'] in the reduced space then Z2 = z'^ and zj, = z'^. So let (^2, 2:3) 
be fixed in pr( J^-'^(]R+/i)). z € J^-^(]R+/i) and pr(z) = (z2,2;3) imply |zo| = 
and l^il = p. The action of on J~^(M_|_//) is in fact the diagonal action 
of on the first two coordinates. Let / : {S'^ia) x x {{z2,Z3)})/S^ 

5^ (a^i /J^^o ) be the map given by 

N-4^^i°- 

One can easily check that / is a diffeomorphism. 

In the previous examples, the Recb flow on the reduced space is the 
restriction of the canonical one of the standard sphere. In this latter case, 
we obtain a non-standard Reeb flow. 

We now write the flow of the Reeb field of the reduced contact form on 
(for V = (1, 1)). Let r{t) = {^^ -^/), Z = (zlzlf. Then the flow is 
written as 

^^ = (Ae''^-+bt\R{t)Z), 

where 

A — \\ r^OuXl II 1 ||Ao 

^ — IFO II IFO II 5 

a = Xivo + Ao^i, with = arg(2;o), vi = arg(2;o), 
6 = Ai + Ao, 
i?(t) = diag(r(t),r(t)). 
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4. The sectional curvature of the quotient 

4.1. Contact CR submanifolds. In order to evaluate the sectional cur- 
vature of the Sasakian reduced space, both at and away from 0, it wih be 
convenient to place ourselves in a slightly more general situation. We first 
recall the following definition (see e.g. 

Definition 4.1. Let {M,gM,(,) be a Sasakian manifold. An isometric sub- 
manifold is called contact CR or semi-invariant if it admits two mutually 
orthogonal distributions D and D-^, such that: 

(1) TN decomposes orthogonally as: TN = D ® D-^ ® and 

(2) ipD = D, ifD^ C T^N. 

We see that, in general, the normal bundle of the submanifold also splits 
into two orthogonal distributions: ipD-^ and its orthogonal complement that 
we denote by u and which is invariant at the action of ip. We then have: 

TM\N = D®D^®{i)® (pD^ (£> V. 

For a vector field V normal to N we shall denote V ^ respectively V its 
component in ^pD-^, respectively in v. 

Such submanifolds have been extensively studied in the last thirty years. 

Obviously, very natural examples are the level sets of Sasakian momentum 
maps. To better mimic our situation, we moreover make the following: 

Assumption. There exists a Riemannian submersion vr : A^ — > P over a 
Sasakian manifold {P,gp,C) such that: 

(1) D(B{£,) represents the horizontal distribution of the submersion; (and 
hence D"*" represents the vertical distribution of the submersion); 

(2) The two Reeb fields are vr-related: ^ is basic and projects over (. 

This situation was already considered by Papaghiuc in |15j . on the model 
of Kobayashi's paper where the similar setting was discussed in Kahlerian 
context. 

Let (p := V^C and observe that in our assumption we have {4)X)^ = ipX^. 

We want to relate the sectional curvature of planes generated by orthonor- 
mal pairs {X,4>X}, respectively {X^,ipX^}. This is usually known as ip- 
sectional curvature, the analogue in Sasakian geometry of holomorphic sec- 
tional curvature; it completely determines the curvature tensor, cf. W, so it 
is worth having information about it. 

We first apply (as in the proof of Theorem l2.1|) O'Neill's formula to relate 
the curvatures of A^ and P. For X tangent to P and orthogonal to (this 
is not restrictive, as the planes passing through the Reeb field have sectional 
curvature 1 on a Sasakian manifold), using the anti-symmetry of the tensor 
A, we obtain: 

(4.1) i2^(A\ (^A^ A^ ^X'^) - i?^(A, cpX, X, 0A) = -3\\A{X\ ^X^)\\%, 
where the sub-index refers to the norm with respect to . 
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The next step is to apply the Gauss equation to the Riemannian subman- 
ifold N of M: 

^^■^^ = \\hiX\^X'')\\lj - gMih{X\x''),h{ipX\ipX'')). 

We now need to relate the tensors A and h. To this end, we write hE, 
respectively vE for the horizontal, respectively vertical part of a tangent (to 
A^) vector field E and we first decompose 

Then we use the formulae (Vf (/3)F = rj{F)E - gM{E,F)i (see [6.) and 
{V^ip)F = Vf (99F) - (/jVf F to express V^„{ipY''). Finally, equaling the 
tangent and normal parts in the equation we obtain this way, we arrive at 
the following relations: 

A{X'', ipY^') = v^h{X^, Y''), 

(4.3) 

h{X^, (/?y^) = ^A{X^,Y^) + iph{Xh, Y^). 

Note that if tpD-^ = T-^N (i.e. u = {0}), and this is the case when N is the 
zero level set of a Sasakian momentum map, the above relations simplify 
to: 

A{X\^Y'^) = ^h{X\Y'^), 
hiX^,^Y'') = ^AiX^,Y^). 

In the general case, from 1)4. 3() we easily derive: 

hi^X'^, ipY^) = h{X\Y^ - /^(X^y^), 

and hence 



(4.5) gMih{^X',^Y'^),h{X^,Y^)) = ||/^(X^ y^)!!!, - ||/i(X\ F^) 

From equation 1)1.2(1 it follows that on the orthogonal complement of ^, the 
tensor ip acts like an isometry. Therefore, using again (|4.3p . we derive: 

||/^(x^(^y^)||i, = ||A(x^y^)||l, + ||/^(x^y'')||i„ 

\\A{X\^Y')\\l, = \\h{X^Y^)\\l,. 

Let us denote K^{X), respectively Kj^\X^) the sectional curvature of the 

plane respectively {X^,ipX^}. Adding equations (dHJ), and 

using (|4.5|) . (|4.6|) . we finally obtain (taking again into account the anti- 
symmetry of A): 



(4.7) K^{X) = (X^) + 4||/l(X^X^)||L - 2\\h{X\Xh)fM. 
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4.2. The curvature of the quotient. In general, from equation (|4.7)) one 
hopes to deduce the positivity of the (/3-sectional curvature of the quotient. 
This depends on the extrinsic geometry of the level set, which is a data 
additional to the reduction scheme: the second fundamental form of the 
level set cannot be entirely expressed in terms of the action. But in some 
particular cases, one is able to derive a conclusion. 

Obviously the simplest situation occurs when J~^(R+//) is totally geodesic 
in M: then the 93-sectional curvatures of M and are equal. But even our 
examples show that this is not always the case. In fact, one is only interested 
in the vanishing of h{X^ ,Y^), which, by the first equation in (|4.3|) . is implied 
by the vanishing of O'Neill's integrability tensor A. This is a rather strong 
condition, implying that J~^(M4_^) is a locally (not necessarily Riemannian) 
product and cannot be predicted by the action. Other conditions on the 
second fundamental form which are common in Riemannian and Cauchy- 
Riemann submanifold theory, see e.g. (mixed totally geodesic, (contact)- 
totally umbilical, extrinsic sphere etc.) and permit some speculations in 
1)4. 7(1 or even the computation of the Ricci curvature of the quotient, seem 
to be artificial in this context, as not directly expressible in terms of the 
action. 

We apply the above computation for being J^^(O) and for P being the 
respective reduced space. Then equation 1)4. 7() implies: 

Proposition 4.1. The reduced space at of a Sasakian manifold with pos- 
itive if-sectional curvature (in particular of an odd sphere with the standard 
Sasakian structure) has strictly positive ip-sectional curvature. 
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